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Abstract. The behaviour of the optical interface phonon in the graded quantum well (GQW)
of Al,Ga_,As with infinite Alp4GaysAs barrier layers is investigated based on the dielectric
continuum model. The solutions of the optical interface phonon modes are obtained. The
perturbation theory is developed fof. « 1. Itis found that the properties of the optical interface
phonon in the GQW fok L « 1 are quite different from those in the square quantum well (SQW),
as are those of GaAs-type modes from those of AlAs-type ones.

1. Introduction

With the techniques of molecular-beam epitaxy (MBE) and metallorganic chemical vapour
deposition (MOCVD), one can grow layered structures, such as that Gl . As, with very
precisely controlled thickness of layers and conteaf aluminum. The various superlattices
and quantum well structures have been made atrtificially.

Since the first observation of a new transient electrical polarization phenomenon in
sawtooth superlattices of ABa_As [1], the graded-gap structures have attracted great
attention [2—10] for their possible device applications. Various authors have investigated
the properties of electron and exciton states in a graded quantum well (GQW) structure, in
which the conduction- and valence-band edges vary linearly along the growth direction in the
well layer. Their studies have shown that high device performance may be achieved in such a
structure. But so far little attention has been paid to the phonon properties. It is important to
specify the characteristics of the phonons in GQWSs, especially that of the interactions of the
phonons with electrons.

Based on both the data of [11] and the dielectric continuum model [12] which has given
good representations of phonon modes [13-17], we study optical interface phononin the graded
quantum well Al Ga,_,As with infinite Alg4GayeAs barrier layers. The rest of this paper is
set out as follows. The equations of motion for the optical interface phonon modes in the GQW
are given and its general solutions are obtained in section 2. Then its perturbation theory for
kL <« 1is developed in section 3. Finally, in section 4, the numerical calculations for the
perturbation solutions are carried out; the main characteristics of the phonons are discussed.
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2. Equations of motion for the phonon eigenmodes and their solutions

Let us consider an isolated GQW of Ma,_, As between two infinite AJ4GagsAs barrier
layers. The Al content of Al,Ga_,As varies continuously from 0 tey (xo < 0.4) along
the growth direction that is taken as thaxis,

x = (xo/L)z 0<z<L) 1)

whereL is the width of the well region.

Within the framework of the dielectric continuum model [12], Maxwell equations lead
to the coupled integral equation of motion for polarization eigenmodes [13]. Introducing the
electric field component, (k, z) and the electric displacement componBntk, z), wherek
is the in-plane component of the phonon wavevector, and differentiating the coupled integral
equation with respect tg, we obtained [7]

dE, () . ikD,(z)

dZ S(Z) (2)
db .
ZZ(Z) = —ike(z)E,(2)
with the dielectric function

2 2

wr; —w
= [ H——. 3
g(w)=¢ <w%i —w2> (3)

It is also a function ofx (i.e. z; cf (26)—(30) and (1)) in the well region, where the
Lyddane—Sachs—Teller relation is assumed. In equatian(3ndwz; are corresponding LO
and TO phonon frequencies with= 1 andi = 2 for GaAs and AlAs types of AlGa,_,As,
respectively. According to [11] the parameters of @& As are based on an interpolation
scheme between that of GaAs and AlAs, suchasw;; andwr;. The decoupled differential
equations can be obtained from equations (2):

d?Ey(2) . 1 de(z) dE,(2) CK2E,(z) = 0
dz2 e(z) dz dz | 4)
d®D.(z) 1 de(z) dD.(2)
dz2 e(z) dz dz '
In order to obtain the components of the eigenmode of the optical phonon in the GQW, the
electric fieldE, (z) and the displacemeitit, (z), we have to solve equations (2) or equations (4)

in all the regions. At first we solve equations (2) in the well region.
Equivalently we write (2) as follows:

d (E,@) _ _. Ey(2)
& (DZ(Z)) = —iS(2) <DZ(Z)) (5)
with
s@:k(S —3/8). (6)
IntroducingU (z, 0):
Ey(z) _ Ev(o)
(Dz<z>) =U@0 (Dz@) 0

where bothE, (0) and D, (0) are the values of,(z) and D,(z) atz = O respectively. Itis
evident that ifU (z, 0) is known, E (z) and D, (z) are also known easily.
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From (7) we have
du(z, 0)

& - —iS(z)U(z, 0). (8)
Equation (8) can be solved explicitly by using the Neumann—Liouville expansion [18] as
U(z,0) = i U™(z,0) ©9)
n=0
where
U9z,0 =1 (20)
U™ (z,0) = (—i)”(ﬁ fo 41— zl)sm)) n#0. (11)
0(z0—z1) =1;60(z) = 1forz > 0, ;nde(z) = 0 otherwise. Then (7) can be written as
(56)=Lv o (50): a2

In order to determiné, (0) and D, (0) in the solution (12), we have to solve equations (2) or
(4) outside the GQW. We solve equations (4) and obtain the solutions as follows:

E,(z) = Aexpkz)
(z<0 (13)
D (z) = —igou A eXplkz)
E,(z) = B exp(—kz)
(z=L) (14)
D, (z) = —ig,u B exp(—kz)

wheres,,, is the dielectric function in AJ4GaggAs barrier layers. So we obtain

E,(2) 1
: =E, 0 0 . 15
<DZ(Z)) »yOUG, )(_lgour> (19)
and the dispersion relation:
83141 U12(La O) - UZl(L’ 0) + igoul[UZZ(La O) + Ull(L’ 0)] =0 (16)
representing the relation betwekandw, whereU;; (i, j = 1, 2) come from the matrix
U11(z,0)  Uia(z,0)
U(z,0) = . 17
.0 <U21<z, 0 Un. 0>> (7

Notice thatU;; are functions ok andw, ande,,; is a function ofw.

3. Perturbation theory for kL <« 1

In principle, our results (9), (15) and (16) can exactly hold for the problems discussed. However,
this means that one needs to perform an infinite number of integrals, which, obviously, are
impossible. Therefore, in practice, we have to make some approximations up to the required
order. For example, we obtain the first order of perturbation from (9):

U(z,0)~1— i/ dz15(z1) (18)
0
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Figure 1. FunctionP1(w)/L versus the frequeney with z/L = 0.3 (dashed curves) andL = 1
(solid curves), whereg is taken to be 0.2.
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Figure 2. FunctionQ1(w)/L versus the frequeneywith z/L = 0.3 (dashed curves) andL = 1
(solid curves), whergyg is taken to be 0.2.

for kL <« 1. It can be written as follows:

U0 ~T EXp{ .y / " dzls(zo} (19)
0
whereT represents the-ordered product. HereL « 1, so we have
— 1 0 _Q(Za (1))
U(z,O)_exp{ Ik(P(z,a)) 0 )} (20)
where
Z
P(z,w) = / &(z1, w) dzy (21)
0
= d
0z, w) = / S 22)
o &(z1, @)

P(z, w) and Q(z, w) are Pi(z, w) and Q1(z, w) or Px(z, w) and Q2 (z, w) for the GaAs or
AlAs type of Al,Ga_,As (cf figures 1-4), respectively(z, w) is the dielectric function of
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Figure 3. FunctionP2(w)/L versus the frequeney with z/L = 0.3 (dashed curves) andL = 1
(solid curves), whereyg is taken to be 0.2.
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Figure 4. FunctionQ»(w)/L versus the frequeneywith z/L = 0.3 (dashed curves) andL = 1
(solid curves), whereyg is taken to be 0.2.

Al,Ga;_,As in the well; it is determined by (3) and (26)—(30). From above we obtain
0= \/% B i < 0 —Q0(z, a)))
U(z, 0) = coshk+/ P(z, w)Q(z, w) P0G \ P o) 0
x sinhfky/ P (z, ) Q(z, w)] (23)

and finally the electric field and electric displacement components are obtained,

Ey(z) = E,(0)[coshk+/ P (z, ®) Q(2, ®)) + ous (0)+/ Q(2, @)/ P(z, ®)
sinh(ky/ P (z, w) Q(z, w))]

D.(2) = —iEy(0)[eou (@) cOSIky/ P (z, 0) Q(z, ) +/ P(z, 0)/ Q(z, w)
sinh(ky/ P(z, w) Q(z, ®))].

The dispersion relation of the optical interface phonon in the GQW is

_ 2VOL )/ PL0)
B T T A Y 7% E R

(24)
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4. Numerical calculations and discussion for the perturbation solutions

We calculate (24) and (25) numerically by using the optical dielectric constant [11]
£oo(x) = 10.89 — 2.73x (26)

and corresponding LO and TO phonon frequencies (in units ofxfor GaAs and AlAs types
of Al,Ga;_As [11]

wr1(x) = 2923736— 52.8289% + 14.43722 (27)

wr1(x) = 2684998— 5.1619% — 9.356 06¢> (28)
and

wr2 = 3599623 + 70814% — 26.7773> (29)

wro = 3599623 + 44360r — 2.4196¢2 (30)

respectively.

Calculations show that there are some properties of perturbation solutions of the optical
interface phonon modes in the GQW which are different from those in the SQW, although
there are some the same.
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Figure 5. Dispersion relations of the optical interfface phonon in an
Alo4GayeAs/Al,Gas_yAs/Alg4sGayesAs GQW for GaAs-type modes withyg = 0.1

(dashed curves) ang = 0.2 (solid curves). It can be seen that the dispersion relation depends on
the gradient of the GQW.

Above all, let us see the frequency responses in the GQW. Figures 5 and 6 show the
dispersion relations of phonons for GaAs- and AlAs-type modes in the GQW, respectively.
Firstly, they are the same as those in the SQW [10] in that there are non-single values of
frequency forkL on the dispersion curves in the GQW. This is because the solutions of
equations (2) (i.e. the Maxwell equations) must satisfy the condition of boundaries at both
z = 0 andz = L of these structures. Actually we can see that if they are extended to the
non-physical region, the dispersion curves in the GQW are similar to those in the SQW. What
is evident is that the dispersion curves in the GQW are more complicated than those in the
SQW. This is because of the dependency of structures. They will tend to the simpler shape like
that in the SQW whemry — 0 (cf figures 11, 12). In contrast to the case in the SQW, there are
not evident narrow maximum values/obut minimum ones. From figures 5 and 6 we can also
see that all interface modes exist betwegt{0.4) andw, (0.4), which are 2684 cnt! and
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Figure 6. Dispersion relations of the optical interface phonon in an
Alg4GayeAs/Al,Ga;_As/AlgsGayesAs GQW for AlAs-type modes withxg = 0.1

(dashed curves) ang = 0.2 (solid curves). It can be seen that the dispersion relation depends on
the gradient of the GQW.
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Figure 7. Electric field components E, of optical interface modes in the

Alo4GayeAs/Al,Gas_yAs/AlgsGaysAs GQW of GaAs-type versus the frequenay,
wherexg andz/L are taken to be 0.1 and 0.3 respectively.

27355 cnt ! for GaAs-type modes (figure 5) and 38% cnm ! and 38400 cnt ! for AlAs-type
modes (figure 6). Moreover for AlAs-type modes (figure 6) there are three narrow frequency
regions existing of the dispersion relation curves. This means that the interface AlAs-type
modes exist only in these narrow frequency regions.

It is shown that the frequency responses of electric field comporignts the GQW
(figures 7, 8) are quite different from those in the SQW (figure 9), and especially they vary
very slightly with the frequency, but those in the SQW vary very greatly.

On the other hand, the values Bf in the GQW (figure 10) are little changed along with
z. Nevertheless in the SQW they are greatly changed; sometimes the absolute valyes of
change from 0 to a maximum. Moreover the curveg pin the GQW have lost the symmetries
(i.e., symmetric and antisymmetric properties) which the curves,an the SQW possessed.
This is reasonable because of the asymmetric structure.
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Figure 8. Electric field components E, of optical interface modes in the

Alg4GapeAs/Al,Gas_ As/AlgsGaysAs GQW of AlAs type versus the frequencw,
wherexg andz/L are taken to be 0.1 and 0.3 respectively.
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Figure 9. Electric field component#, of the optical interface modes in the SQW versus the
frequencyw, wherez/L is taken to be 0.3. The dashed and solid curves refer to that for GaAs and
AlAs types of Al 4Gag sAs respectively.

Finally, of course, the dispersion relations ahgdin the GQW are also dependent on the
gradient of the GQW (figures 5, 6, 10). This is a peculiar characteristic of the GQW and it
increases the selectivity, so that may be significant for applications.

It should be noticed that the properties of the optical interface phonon in the GQW for
GaAs-type modes are quite different from those for AlAs-type modes, which is similar to
the case in the SQW. For example, the dispersion relations for AlAs-type modes are in three
narrow frequency regions but those for GaAs-type ones are not, and so on. These are because
the dependencies af;1(x), wr1(x) andw,2(x), wra2(x) onx (cf (27), (28) and (29), (30)) are
different from each other. So are the frequency responsés.ofrhis is also significant for
applications.

It must be pointed out that wheqg — 0 the dispersion curves of the phonon in the GQW
for GaAs type tend to those in the SQW more slowly than for the AlAs type. Calculation shows
(figures 11, 12) that whery = 0.02, the dispersion curves of the phonon in the GQW for the
AlAs type are very close and very similar to those in the SQW, but for the GaAs type they
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Figure 10. Electric field componentsE, of optical interface modes in the

Alo.4GapeAs/Al,Gar_As/Alg4GagsAs GQW versusz. The dashed curves refer to that
for GaAs-type modes witlhy = 0.2 andw = 268 cnt. The solid and dashed—dotted curves
refer to that for AlAs-type modes withy = 0.2 andxg = 0.1 respectively; the frequency of both

is 3825 cm~1. Their dependence on the gradient of the GQW is evident.
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Figure  11. Dispersion  relations of optical interface  phonon in
Al4GayeAs/Al,Gar_As/Alg4sGayesAs GQW for GaAs-type modes withyg = 0.02

(solid curves). The dashed curves refer to that in thgaBleyg s6As/GaAs/ Al g.4GageAs SQW.

Two lines on the left of the dispersion curves of the phonon in the GQW coincide with those in
the SQW in the main. It can be seen that wkenr— 0 the dispersion curves of the phonon in the
GQW tend to those in the SQW.

are somewhat different; this can be explained by the fact thad&l ,As plays an important
role even it is a smaller rate. It is worth while noticing that whgn— 0, e(x) — &g, i.e.
Al,Ga_,As — GaAs, for GaAs type; but whexry — 0, e(x) — &4 (NOteg) for AlAs
type and this actually coincides with the fact that there is no GaAs of AlAs type, although
Al,Ga;_,As of AlAs type does exist. But it can be seen from figure 12 that the dispersion
curves in the GQW for AlAs type tend to those in the SQW very well in the region of the
dispersion curves. Wherng; is the dielectric function of GaAs;., is the high-frequency
dielectric constant (i.e., the optical dielectric constant).

Whenxy — 0 the convergence of equations (24) and (25) is also evident since then
does not depend anandU (z, 0) is easily integrated.
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Figure 12. Dispersion relations of the optical interface phonon in the
Alo4GayeAs/Al,Gar— As/Alp4GaysAs GQW for AlAs-type modes withxg = 0.02

(solid curves). The dotted curves refer to those in thgsSlap sAs/GaAsy Al 4GasAs SQW

in which the dielectric function of GaAs is;; the dashed and dotted ones refer to those in the
Alo.4GapsAs/GaAyAlp4GagsAs SQW in which the dielectric function of ‘GaAs’ is.. It can

be seen that some segments of solid ones coincide with dotted or dashed and dotted. This shows
that whenxg — 0 the dispersion curves of the phonon in the GQW tend to those in the SQW.

The discussion on the electric displacement compobeid similar to that on the electric
field E,.

The properties of the GQW can be verified by the method of Raman scattering as in
[19, 20].

Since the interface phonon scattering mechanism is an important scattering mechanism
in quantum well systems [16, 17], it can be expected that a high mobility may be achieved in
a GQW structure with the gradient, the width and the type of58,_,As chosen properly.
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